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Abstract 

£\j , We show that the repetitive higher cluster category of type A n , defined 

as the orbit category T> b (modkA„) / (t" 1 [m]) p , is equivalent to a category 
defined on a subset of diagonals in a regular pinm + l)-gon. This gener- 
alizes the construction of Caldero-Chapoton-Schifner, |CCS06) . which we 
recover when p = m = 1, and the work of Baur-Marsh, |BM08j . treating 
the case p = l,m > 1. Our approach also leads to a geometric model of 
the bounded derived category T> b (modkA n ). 

H 

U 

C$ . In this paper wc give a geometrical-combinatorial model, in the spirit of Caldcro- 

Chapoton-Schiffler, [CCS06| . of repetitive higher cluster categories of type A n . 
These are orbit categories of the bounded derived category of modkA n under the 
action of the cyclic group generated by the auto-equivalence (r _1 [m]) p , where 
kA n is the path algebra associated to a Dynkin quiver of type A n , r is the 
£ — ' AR-translation and [to] the composition of the shift functor [1] on V b (modkA n ) 

\Q , with itself m-times and 1 < p £ N. We write 



- 1—1 

X 



1 Introduction 



C™ p := V b (modkA n )/ < (r^M)" > 



. The class of objects is given by orbits of objects in the derived category under 

£S| | the auto equivalence (r _1 [m]) p , and the space of morphisms is as follows 



Eom CT jX,Y) =0Hom 2 , 6(mod ^ n) (X, { T ^[pm]yY). 



5^ ■ When the index p or m is equal to one we omit it in the writing of C™ p . 

When p = m = 1 one recovers the usual cluster categories, which we denote 
simply by C n , defined ind ependently in |CCS06j for the case A n and in the 
general case in BMR+06;. Hp = 1 and m > 1 one regains the higher cluster 
categories C™, also called m-cluster categories, for which Baur-Marsh gave a 
geometric model in [BM08: and [BM07 . In the case p > 1 and m — 1, the 
category is simply called repetitive cluster category C„ iP , studied also by Zhu, 
from a purely algebraic point of view in jZhu08] . 

The main results of the paper are the following. On one side we are able to 
give an equivalence of categories between C™ p and a category defined on a subset 
of all the diagonals in a regular p(nm + l)-gon IP. Then, the model we propose 
here also leads to a geometric interpretation of cluster tilting objects in C™ p . By 
this we mean a maximal collection of pairwisc non-isomorphic indecomposable 
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objects Ti,...T t such that Ext'(7j, T fc ) = 0, for 1 < i < m and 1 < j, k < t. 
Furthermore, for m = 1 we are able to prove an equivalence of triangulated 
categories between C„ jP and a quotient of a cluster category of a certain rank. 
On the other hand as an application of the results obtained for C™ p , a geometric 
model for T> b (modkA n ) will be given. 

The association of geometric models to algebraic categories has been studied 
and developed by many authors, among others we mention: |BM08| . |BM07| . 
[BZTO] . |CCS06j . |BT09j . }Torllj . |Sch08| .. . . . This approach is not only beautiful 
but also fruitful as it gives new ways to understand the intrinsic combinatorics 
of the category. 

The particularity of the repetitive higher cluster categories is that they are 
fractionally Calabi-Yau of dimension " , this means that (t[1]) p = [p(m+l)} 
as triangle functors, and the fraction cannot be simplified. And it is precisely in 
this point that the category C™ p differs from C n and C™ . 

This generalization of the notion of a Calabi-Yau category is interesting 
because many categories happen to be of this type. Consider for example the 
bounded derived category of modfcQ, for a quiver Q with underlying Dynkin 
diagram, or of the category of coherent sheaves on an elliptic curve or a weighted 
projective line of tubular type. A.-C. van Roosmalen was recently able to give 
a classification up to derived equivalence of abclian hereditary categories whose 
bounded derived category are fractionally Calabi-Yau, see [vanlO] . 

The structure of the paper is as follows. The next section is dedicated to a 
review of useful definitions on fractionally Calabi-Yau categories and repetitive 
cluster categories will be carefully defined. In Section 3 we define the repetitive 
polygon IP and we choose a subset of diagonals in IP together with a rotation 
rule between them. This will lead to the modelling of C„ jP . In Section 4 we 
study the relation between repetitive cluster categories and cluster categories. 
Section 5 is dedicated to the study of cluster tilting objects and complements 
to almost complete basic cluster tilting objects in C„ iP . The content of Section 6 
is the geometric modelling of C™_ 1 p , the construction we give here generalizes 
the one of Section 3. Finally, in Section 7 we extend the construction of IP to 
a geometric figure with an infinite number of sides, n ±oc . Applying the results 
of Section 7 to the category generated by the set of diagonals complementary 
to 2-diagonals in n ±0 °, we obtain a model for / D b (modkA n ). 

I would like to thank my advisor Prof. K. Baur for the inspiring discussions 
we had and for reading this paper. I am also grateful to Prof. R. Marsh for the 
useful discussions we had. 

2 Repetitive cluster categories of type A n 

2.1 Serre duality and Calabi-Yau categories 

Let k be a field (assume it to be algebraically closed, even though in this section 
it is not needed) and let /C be a fc-linear triangulated category which is Horn- 
finite, i.e. for any two objects in T the space of morphisms is a finite dimensional 
vector space. 

Notation 2.1. Throughout the paper we let V beT> b (modkA n ) orT> b (modkA n ^i), 
and we believe that it will be clear from the context if it is one or the other. 
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Definition 2.2. A Serre functor for a k -triangulated category K. is an auto- 
equivalence v : K, — > K, together with bifunctorial isomorphisms 

DUomic(X,Y) = UouifziY^X), 

for each X, Y G /C. D indicates the vector space duality Homfe(?,fc). 

We will say that K has Serre duality if K. admits a Serre functor. In the case 
/C = T> a Serre functor exists ( [KellOj p. 24), it is unique up to isomorphism and 
v —> r[l], where r is the Auslander-Reiten translate and [1] the shift functor of 
V . 

Definition 2.3. A triangle functor between two triangulated categories J and 
K, is a pair (F, a) where F : J — » K, is a k-linear functor and a : F[l] —> [1]F 
an isomorphism of functors such that the image of a triangle in J under F is 
a triangle in K. 

Suppose (F, a) and (G, 7) are triangle functors, then a morphism of triangle 
functors is a morphism of functors a : F — ► G such that the square 



F 


1] — 


-[1 


F 




o[l] 




[l]a 


G 


1] 7 = 


-[1 


G 



commutes. 

Definition 2.4. One says that a category K, with Serre functor v is a frac- 
tionally Calabi-Yau category of dimension ^ or ^-Calabi-Yau if there is an 
isomorphism of triangle functors: 

v n = [m], 

for n, m > 0, and where [m] indicates the composition of the shift functor with 
itself m times. 

Remark 2.5. Notice that a category of fractional CY dimension — is also of 
fractional CY dimension t 6 Z. However the converse is not always true. 

2.2 Repetitive cluster categories of type A n 

In the following we are interested in giving a geometric description of the orbit 
category of the bounded derived category of modfc^4„ under the action of the 
cyclic group generated by the auto-equivalence (r _1 [l]) p = r _p [p] for p > 0. 
Where r is the AR-translation in V and [1] the shift functor. 

Definition 2.6. The repetitive cluster category 

C n , p :=T>/<T- p \p] > 

of type A n , has as class of objects the T~ p [p]-orbits of objects in T>. The class 
of morphism is given by: 

Hom c „ p (X,r) =0Hom P (I, {t~ p WY) 



3 



Observe that when p = 1, one gets back the usual cluster category which we 
simply denote by C„ . 

As next we summarize some basic properties of C„ jP proven in |Zhu081 Propo- 
sition: 3.3]. 

Lemma 2.7. • C n , p is a triangulated category with AR-triangles and Serre 
functor v := r[l] . 

• The projections tt p : T> —> C„ iP and r/ p : C n ^ p — > C„ are triangle functors. 

• Cn tP is fractionally CY of dimension 

• Cn iP is a Krull- Schmidt category. 

. Ind(C n , p ) = (Jf-Q 1 IndCCr-^l])^). 

Remark 2.8. The full subcategory Ind(C„) ofC„ is a (usually not full) subcat- 
egory o/Ind(C„, p ). 

In the following let F 1 = F be the fundamental domain for the functor t _1 [1] 
in T> given by the representatives of the isoclasses of objects in Ind(r _1 [1])(C„). 
That is isoclasses of indecomposables in mod(fcA„) together with the [l]-shift 
of the projective indecomposable modules. Let F k := F o ■ ■ ■ o F, fc-times, then 
we denote by T k the F fc -shift of T and we can draw the fundamental domain 
for the functor T _p [p] as in Figure [TJ 




Figure 1: Partition of the fundamental domain of t p [p] for an odd value of p 

3 Geometric model of C n p 
3.1 The repetitive polygon IP 

Let p > 1. For the purpose of the geometric characterization of C n , P let II be 
a regular N := n + 3-gon and let IP be a regular p(n + 2)-gon. Number the 
vertices of IP clockwise repeating p-times the N— tuple 1,2, ...,N — 1,N and 
letting correspond N = 1. Then we denote by Ip a region homotopic to PT 
inside n p delimited by the segments (1, 2), (2, 3) ... , (N — 1, N) and the inner 
arc (1, AO- 
Denote by p : YL P — > YL P the clockwise rotation through ^ around the center 

of FI P , and set :— p k ^ 1 (Hi) for 1 < k < p. In this way we divide n p into p 
regions. See Figure [2] where we illustrate this construction. 

Definition 3.1. We call diagonals o/n p the union of all diagonals of 

n x un 2 u • • • un p . 
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Denote the diagonals of IP by the triple k), where 1 < k < p specifies 
a region Hfe inside IP, and the tuple defines the diagonal in Hfe. 

Notice that for us the set of diagonals of IP consists of a subset of all the 
straight inner lines (drawn as arcs) joining the vertices of IP. Furthermore, the 
arcs (l,N,k) for 1 < k < p are not diagonals of IP as they correspond to 
boundary segments of life . 

Notation 3.2. Observe once and for all that in the writing (i,j,k) we under- 
stand that the index k has to be taken modulo p, and the indices i,j modulo N. 
Furthermore, we always assume that i < j . 




Figure 2: The polygon II 3 for n = 3 
3.2 Quiver of diagonals of IP 

As next we associate a translation quiver to the diagonals of IP with the in- 
tention of modelling the AR-quiver of the category C n ^ p . The first part of the 
next definition goes back to |CCS06| . the second part is new and essential for 
the modelling of the repetitive cluster category. 

In the following we call a rotation of a diagonal around a fixed vertex ir- 
reducible whenever the other vertex of the diagonal moves to the preceding or 
successive vertex. 

Definition 3.3. LetT ntP be the quiver whose vertices are the diagonals (i,j,k) 
ofW , and whose arrow are defined as follows. 

1. For 1 < i < j < N: 

(i,j + l,k) 

k) 

That is, we draw an arrow if there is an irreducible clockwise rotation 
around the vertex j or i inside life , 

2. For 1 < i < j = N we link (i,N,k) — > (i + l,N,k) whenever there is an 

irreducible clockwise rotation around the vertex N inside life 

3. For 1 < i < j = N we link (i, N, k) — > (1, i, fc + 1). That is, we draw an arrow 

to the diagonal we can reach with a clockwise rotation around vertex i 
insidellk composed with p. I.e. (i,N,k) is linked to p(l,i,k) = /c+1). 
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The set of the operations 1. and 2. are denoted by IrrRot and the operations 3. 
by IrrpRot. 

Notice that r„ jP lies on a Mobius strip when p is odd, and on a cylinder 
when the value of p is even. 

As next we equip T„ tP with a translation r : T n p —> T n>p such that (r njP ,r) 
becomes a stable translation quiver in the sense of Ricdtmann, (Rie80J . 

For the reader familiar with the article of [CCS06] we point out that the 
first part of the following definition agrees with the one given there, however 
the second is new and can be thought of as a connecting map between the 
different regions Uk in IP. 

Definition 3.4. The translation r on r„ jP maps 

• (i,j,k) to (i — l,j — l,k) for 1 < i,j < N and 1 < k < p, i.e. r is an 
anticlockwise rotation around the center of W by p ^. 2 ) ■ 

• (1, j, k) to (j — 1, N, k—1), i.e. the effect of r on (1, J, k) is induced by jjth 
anticlockwise rotation in the regular N-gon II homotopic to Hk, composed 
with p . That is 

(1, j, k) i y (j - 1, N, k) i y (j — l,N,k — 1) = p-\j - 1 , N, k). 

Lemma 3.5. The pair (r„ iP ,r) is a stable translation quiver. 

Proof. It is clear that the map r is bijective. As r„ :P is finite, we only need to 
persuade us that the number of arrows from a diagonal D to D' is equal to the 
number of arrows from tD' to D. As there is at most one arrow between any 
two diagonals, we only have to check that there is an arrow from D to D 1 if and 
only if there is an arrow from tD' to D. 

For a given diagonal D — (i,j,k) we distinguish two possible cases. Either 
there is an arrow to a diagonal D' of fl^ to a diagonal of the neighboring region 
IW 

• In the first case we distinguish depending on whether i = 1, or i ^ 1. If 
i / 1 the result follows from Proposition 2.2 in |BM08j . If i = 1, then 

(1,5 + 1.*) 

(l,i, k)^ 

^(2,i, fc) 

Then r(l,j + l,fc) = {j,N,k- 1), and (J,N,k- 1) (l,j,k). Similarly 
r(2,j,fc) = (l,j-l,fe) and (l,j-l,fc) ^ (l,j,k). 

• If there is an arrow (i,j, k) — > k + 1), we deduce that 

j = N,i' = 1, and j' = i ^ 1. 
Then r(l, i, fc + 1) = (i — 1, iV, k), and we deduce that 

(i - l,N,k) -> (i,N,k). 

□ 
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3.3 Category of diagonals in IP 



We now associate an additive category C(IP) to the diagonals of IP. The new 
feature arising here is that we only allow a subset of all possible diagonals of 
IP, and that we deal with an additional type of rotation. 

As next we remind the reader the definition of mesh category. This will be 
used repeatedly in the next sections. 

Let a denote the arrow x —> y, then o~(a) denotes the arrow r(y) — > x. 

Definition 3.6. The mesh category of a translation quiver (Q, r) is the fac- 
tor category of the path category of Q modulo the ideal generated by the mesh 
relations 

r v := 22 a - a (a), 

(x:u—>v 

where the sum is over all arrows ending in v, and v runs through the vertices of 

Q. 

Then the category of diagonals C(IP) in IP arises as the mesh category of 
(r„ )P , t). More specifically, the class of objects of C(IP) is given by formal direct 
sums of the diagonals in IP, i.e. diagonals in the regions IL for 1 < k < p. The 
class of morphisms is generated by the two rotations IrrRotnp and IrrpRotrip, 
carefully defined in Definition 13.31 modulo the mesh relations which can be read 
off from (r„ ;P ,r). 

Note that with our approach a new geometric type of mesh relation appears. 
It arises between diagonals of two consecutive regions: IL and Hk+i- 

3.4 Equivalence of categories 

The next results will show that the category C(IP) of diagonals in IP is equiv- 
alent to the repetitive cluster category of type A n . The notation is as specified 
after Lemma \2. 71 

Proposition 3.7. There is a bijection 

ip-.X^r D x , 
from Ind(C„ !P ) to the diagonals of TV such that: 

• Irrc n (X,Y) < — > IrrRotnp {Dx, Dy) if X,Y are in J 71 , for some i. 

• Irr CntP (X, Y) < — ► IrrpRotnP (D X ,D Y ) if X E T l and Y 6P, i ^ j. 
Proof. We saw in Lemma that 

p 

Ind(C„, p ) = [J Ind^). 

i=X 

Then one easily sees that <p is a bijection on the level of objects. In fact, we can 
apply |CCS061 Corollary 4.7] to every subcategory Ind(J r i) of C n , p and to the 
corresponding region IL in IP, 1 < i < p. 
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Then for each 1 < i < p, the irreducible morphisms between objects X, Y in 
Ti where X (t _1 for P some projective, or where 

X s (r-^yPll) andF^Cr-^lirQW, 

for projectives P and Q, agree by |CCS06i Theorem 5.1] with the rotations 
IrrRotrii (Dx , Dy) described in part 1. and 2. of Definition 13.31 

Therefore, we only need to study the correspondence between Irrc„ {X, Y) 
and the rotations in IP described in part 3. of Definition 13.31 for 

A' = ((r- and F ^ (r- WQW- 

Thus, assume lrtc„ p {X, Y) ^ 0, in this case it follows from the shape of the 
AR-quiver of C n>p that Y = (t _1 [1])' +1 .R, for some projective R. Under the 
bijection <p applied to the objects X and Y one then has: 

X\->(i,N,k), Y >->• (l,i,k + l). 

From Definition 13.31 it then follows that there is an arrow 

(i,N,k) -> (l,i,k + l) 

in Tn.p defining a corresponding operation in IrrpRotnp (-Djf , Dy) ■ Similarly 
one shows the other direction. 

This shows that the mapping if is a bijection also on the level of morphisms. 

It only remains to check that the mesh relations in the two categories agree. 
But by the above we have precisely showed that the AR-quiver of C„ iP and r„ jP 
are isomorphic, hence the mesh relations in both categories agree. □ 

It follows from the previous result that the projection functor r\ v : C„ iP C n 
corresponds to the projection \i v : IP — s- EL 

4 C UjP and the link to the cluster category 

The desire of comparing the category C n , P with the cluster category of type A t 
for a certain t arose while studying the geometrical model of C njP . We will see in 
this section that the embedding is slightly different than expected, as t cannot 
simply be deduced from the size of IP. This is because the class of morphisms 
in C n , P is too particular. 

However, starting with a bigger polygon, the category C n . p appears whenever 
we assume that p ^ 2. In fact, otherwise the diagonals of the two models overlap 
hence the description degenerates. 

Lemma 4.1. Let p > 2. Then C„ jP is a subcategory of Ct for a suitable value of 
t. In fact, 

• for p even set t := (n + 3)(|) — 3, 

• for p odd set t := (n + 3)p — 3. 

As a first observation we point out that the subcategories are not full. 
Throughout the proof we will adopt the following notation. We denote by 
(rVp, Tn iP ) the AR-quiver of C niP and by (T t , r t ) the AR-quiver of Ct- 



8 



Proof. To prove the claim it is enough to establish an isomorphism of stable 
translation quivers between (r„ !P ,T„ !P ) and a stable translation subquiver of 
(r t ,r t ) for the different cases. 

Let us first study the case where p is even. We observe that the union of 
the r t -orbits of the top and bottom n rows of the quiver r t , illustrated in the 
gray strip in Figure [31 defines a subquiver T t of T t . Since p > 2, the top and the 
bottom n rows do not overlap. 

As r f is a stable translation quiver, the same remains true for T t . And it 
turns out that when t is as given in the claim, T t and r„ jP are isomorphic as 
stable translation quivers. First: by construction, the two quivers have the same 
number of rows (namely n). To see the isomorphism just on the level of quivers 
we compare the induced action of the auto equivalence (i~~ p [l]) p on r„. p with 
the action of (r t _1 [l])|p t on T t : It is easy to check that the actions coincide. 
Furthermore, because the meshes of the quivers T t and r„ jP coincide we deduce 
that this gives an isomorphism of stable translation quivers. 

Considering the mesh categories of T t and T t itself we get that Ind(C„ !P ) is 
a subcategory of Ind(Ct) by Proposition I3.7I Then we extend the result to the 
whole category C„ jP simply by linearity. 

When p is odd, the embedding of r„ jP into T t can be shown in a similar 
way. However, in this case we need to embed r„ iP into the central band of 
r t to preserve the induced action of the autoequivalence, i.e. to preserve the 
identifications of vertices in r„ iP . More precisely, this time we have to consider 
the horizontal band n vertices wide at the high of ^ p ~ 1 ^" +3 ^ +1 vertices, counting 
from the bottom of T t , see Figure [3J Then we concludes as in the previous 
case. □ 



4.1 Triangulated equivalence for C np 

Since the inclusion of C„ iP in the cluster category Ct for t as in Lemma l4.f I docs 
not give rise to a full subcategory, C„ jP is not a triangulated subcategory of Ct- 
However, it is possible to prove that it is triangulated equivalent to a quotient 
category of C t - 

Quotient categories of the type we are going to use here have been studied in 
|j0rlO| , et al. . In particular, J0rgensen showed that higher cluster categories are 
triangulated equivalent to quotients of the cluster category. We will now recall 
the definition of quotient categories and key properties, which will be needed in 
the following. 

Let C be an additive category and X a class of objects of C. Then the quotient 
category Cx has by definition the same objects as C, but the morphism spaces 
are taken modulo all the morphisms factoring through an object of X. 

Observe that if C is a triangulated category, then Cx needs not to be triangu- 
lated for all choices of X. However, it was shown in j0rIOl Theorem 2.2] that Cx 
is always pre-triangulated. This means that Cx is equipped with a pair (ct, uj) of 
adjoint endofunctors satisfying a number of properties. However none of them 
is necessarily an auto-equivalence. Nevertheless, taking a particular choice of 
the class X, J0rgensen proved in |j0rlO[ Theorem 3.3 ] that the endofunctors 
a and ui, can be turned into auto-equivalences, so that (Cx, <x) becomes a trian- 
gulated category. We use these facts to link the triangulated structure of C„. p 
to a quotient category of the cluster category of type A t . 
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Proposition 4.2. Assume p / 2 and define t as in Lemma \4-l\ Then the 
category C n , v is triangulated equivalent to a quotient of a cluster category of 
type A t . 

Proof. For p even, denote by X the additive subcategory generated by the in- 
decomposable objects in the band of t — 2n vertices in the middle of T t , for 
t = (n + 3) | — 3. For p odd i.e. t = (n + 3)p — 3 one takes as X the additive sub- 
category generated by the indecomposable objects in the band of vertices 
at the top and bottom of T t . Then, in both cases we have that TjX = X. So the 
AR-quiver of the quotient category (Ct)x is obtained by deleting the vertices 
corresponding to the objects of X and the arrows linked with them ( |j0rlO[ 
Theorem 4.2]). Furthermore, (Ct)x is connected, and has finitely many inde- 
composable objects up to isomorphism. Furthermore, again by |j0rlO[ Theorem 
4.2] (Ct)x is standard and of algebraic origin. Proceeding as in |j0rlO[ Theorem 
5.2] we conclude that (Ct)x is triangulated equivalent to a quotient of a cluster 
category of type A n . 

It remains to see that (Ct)x and C„ iP are equivalent as triangulated cate- 
gories. For this we observe that C„ ;P is of algebraic origin by results of [KellOl 
Section 9.3] and standard by |Ami07l Proposition 6.1.1.]. Furthermore, it is 
straightforward to see that the AR-quivers of (Ct)x and C njP are isomorphic as 
translation quivers. Thus we are in the conditions of Amiot's Theorem |j0rlO[ 
Theorem 5.1] applied to (Ct)x and C„ iP . Hence we deduce that these categories 
are equivalent as triangulated categories, and so the claim follows. □ 



5 Cluster tilting theory for C U:P 

It is well known that cluster tilting objects in cluster categories are strongly 
linked to clusters in cluster algebras. This link has been established in [B MR + 06 . 
Studying the endomorphism algebra of these objects provides a way to recover 
the exchange matrix, indispensable in the mutation process in a cluster algebra. 

In this section we are interested in understanding the cluster tilting objects 
of C njP , and compare them with configurations of diagonals in the polygon IP. 
When p = 1, it is known that cluster tilting objects correspond to the formal 
direct sum of diagonals triangulating a regular n + 3-gon. 

Cluster tilting objects in C„ iP have also been studied in [Zhu08j from an 
algebraic point of view. In fact, Zhu proves that the endomorphism algebra of 
a cluster tilting object of C niP gives a cover of the endomorphism algebra of the 
same object, seen now as a cluster tilting object of the cluster category. 

Definition 5.1. A cluster tilting set T in C n . p is a set of pairwise non isomor- 
phic indecomposables objects, such that Ext^ (T",T) = for all T,T' G T, 
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and T is maximal with this property. An object T £ C„ iP is called a cluster 
tilting object j/Ext^ (T, T) = and T /ias a maximal number of pairwise non 
isomorphic direct summands. 

A cluster tilting object is said to be basic if the direct sum is taken over all 
its objects in a cluster tilting set T '. 

Lemma 5.2. Cluster tilting sets in C n correspond to maximal collections of non 
crossing diagonals in a regular n + 3-gon. The cardinality of such a set is n. 

Proof. This follows from the fact that Ext^ (T, T') ^ if and only if the diago- 
nals corresponding to T and T' cross (where T, T' are arbitrary indecomposable 
objects in C„). See [CCS061 Section 5], □ 

As our goal is to link cluster tilting objects of C„ jP to diagonals in IP we first 
need to express what it means geometrically that two objects have no extension. 
We will see that it is not enough to study only diagonals in a single region IT 
in IP, but also diagonals in the regions EIj_i respectively Ilj+i, depending on 
which entry of the bifunctor ExtJ (— , — ) is fixed. 

We remind the reader that diagonals of IP consist only of a subset of all 
the lines joining vertices of IP. In the next result as well as in Corollary 15 .41 we 
assume that i < j and %' < j' in the writing of the diagonals Dx '■= (i,j, I) and 
Dy := (i'.i'.I') Of IP. 

Lemma 5.3. Let X, Y 6 Ind(C„ iP ) and let Dx ■= (i,j,l) and Dy ■= (i',j',l') 
be the corresponding diagonals of IP . Then 

dim(Ext^ p (X,-)) = l, 

if and only if the diagonal D y satisfies one of the following conditions 

• Dx, Dy cross inside Hi, i.e. I — V , and 1 < i' < i < j' < j < N ; 

• p(Dy) crosses Dx inside Hi, i.e. I = I' + lmodiV, and l<i<i'<j< 
f < N. 

Otherwise dim(Extc n (X, -)) = 0. 

Proof. When p = 1, this was remarked in [CCS06, Section 5]. For all the other 
values of p we proceed using the fact that the triangulated category C n _ p has 
Serre duality by Lemma 12.71 Thus, 

DExt^ jX, -) - DHom Cn p (X, -[!}) 
= Hom c ^ p (-[l],rA[l]) 
= Hom Cii , p (- rA). 

Here we used that C„ jP has finite dimensional Horn spaces, and therefore also 
finite dimensional Ext spaces. As next we compute the Hom(— ,tX) support 
using the mesh relations in the AR-quivcr of C„ iP . That gives a rectangular 
region, also known as the backwards hammock. Then one concludes using the 
bijection between indecomposable objects and diagonals from Proposition 13.71 

□ 

Dually we have 
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Corollary 5.4. Under the assumptions from Lemma \5.3\ 

dim(Ext^ p (- F)) = l 
if and only if Dx satisfies one of the following conditions 

• Dx, Dy cross inside Hi', i.e. I = V , and 1 < i' < i < j' < j < N, 

• p~ 1 (Dx) crosses Dy inside II;/ , i.e. I = I' + l and l<i<i'<j<j'< N, 
Otherwise dim(Extc n (-, Y)) = 0. 

With these results in mind we are able to deduce the desired geometric 
description of cluster tilting sets, hence basic cluster tilting objects, of C ntP . 

Recall that the map p : IP — > IP was defined as a clockwise rotation of ^ 
around the center of IP. 

Proposition 5.5. Cluster tilting sets T' in C„_ p correspond bijectively with the 
collections 

T' = Tu P (T)u...p p ~ 1 (T) 

where T is a triangulation of the region III in IP . 

Proof. We saw in Lemma 15.31 and Corollary 15.41 that the non- vanishing of the 
Ext spaces also arises from diagonals in the neighboring regions Ilfc+i and IIfc_i 
of IP. In particular, diagonals Dx in life and Dy in Ilfc+i give rise to a non- 
vanishing Ext spaces if and only if p~ 1 (Dy) crosses Dx inside life and the 
vertices of the diagonals satisfy the conditions of Corollary 15.41 (here X and Y 
are switched). Thus, the only possible way to get a maximal configuration of 
diagonals which does not cross in the sense of Lemma 15.31 and Corollary 15.41 is 
to take the same triangulation in each region life , for 1 < k < p. 

On the other hand, it follows from Lemma 15.21 that a triangulation T of a 
region Hfc, corresponds to a cluster tilting set in C„, and applying p l (T), for 
< i < p — 1, gives a cluster tilting set of C„ iP , by the previous argument. □ 

Proposition 15.51 gives a geometric/combinatorial analogue to |Zhu08i Thm: 
3.3]. 

Corollary 5.6. The number of non isomorphic direct summands of a basic 
cluster tilting object in C n . p is pn. 

Proof. Since each region 11^ is nomotopic to a regular n + 3-gon, the set T con- 
sists of n diagonals, hence by the previous result we deduce that the cardinality 
of a cluster tilting set T 1 in C„. p is pn. □ 

5.1 Complements of almost complete basic cluster tilting 
objects 

The counterpart to the exchange of cluster variables intrinsic in the definition 
of cluster algebras is given by the study of complements of almost complete 
basic tilting objects. By the last we mean a basic cluster tilting object from 
which a direct summand has been removed. Then one looks for all possible 
complementary objects such that the direct sum is again a cluster tilting object. 
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Given a tilting object T = @ Tk in a cluster category, it is known that one 
can replace an indecomposable Tk of T by exactly one other indecomposable 
object. This is a consequence of the fact that the cluster category is 2-CY. 
Whereas in the module category of a finite dimensional hereditary algebra one 
can perform such a replacement in at most one different way. Here we analyse 
the behaviour in a fractionally CY-catcgory. 

Proposition 5.7. In the repetitive cluster category C ntP , there are exactly 2 
complements to an almost complete basic cluster tilting object. 

Proof. Assume that a triangulation of IP as in Proposition 15.51 is given. Then 
we observe that if a diagonal Dx is removed from the triangulation, we are left 
with a region delimited by four sides. This rectangular region has all its vertices 
on the circle which inscribes n p . Hence wc are in the conditions of the Ptolemy 
relation and we can replace Dx with a unique other diagonal Dx> completing 
again the triangulation. Then the triangulation obtained in this way is not as 
the one given in Proposition 15.51 so it does not give rise to a cluster tilting 
object of C njP . Thus we have to perform the same exchange in each region Hfc, 
for 1 < k < p, in order to obtain a new cluster tilting object in C njP . Hence the 
claim follows. □ 

6 Repetitive higher cluster categories C™_ lp 

In this section we study orbit categories of the form 

^/{(T-vm- 

We call them repetitive higher cluster categories of type A n _i. The class of 
objects is given by T~ p [pm] -orbits of objects in T> and the space of morphisms 
is given by 

Homcm_ ip (X,F) = 0Hom c (Y, {t~ v [ P m}) l Y). 

iez 

Remark 6.1. The category C™_ x is a subcategory ofC™_ x p which is usually not 
full. 

We will see below that these categories are interesting because their geo- 
metric models provides us with a geometric description of the bounded derived 
category V. 

Repetitive higher cluster categories have similar properties to the repetitive 
cluster categories. In particular, we can prove: 

Lemma 6.2. For all m G N. 

1. The projection functor 7r™ : T> — > C™_ 1 is a triangle functor. 

2. The category C™_ 1 is triangulated, with Serre functor r[l] induced from 
V. 

3. C™_ Y p is fractionally Calabi Yau of dimension and Krull- Schmidt. 

4. ind(c_ liP ) - U^otM^M)^™). 
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Proof. The first two claims follow from |Kel081 Theorem 1] and jBMR+06l 
Proposition 1.3]. Concerning the fractionally Calabi-Yau dimension, one com- 
putes easily that (r[l]) p = [p( m + 1)] in C ™_ lp . The last claim can be deduced 
from a similar reasoning as in [BMR+061 Proposition 1.6]. □ 

6.1 C™-ip via m-diagonals in IP 

In the following we present a geometric model for the category C^_ 1 p which 
arises as a generalization of the one given for C„ jP . Indecomposable objects are 
modelled by a subset of diagonals in IP and irreducible morphisms will be 
associated to rotations of such modulo the mesh relations. 

Let IP be a regular p(nm + l)-gon, m,n EN. Then we divide IP into regions 
as we did in Section 13.11 for m = 1 and where n is replace by n — 1. Then each 
region Uf. in IP is homotopic to a regular (nm + 2)-gon. See also Figure [2] 

For the convenience of the reader we recall that an m-diagonal in a regular 
(nm+2)-gon, is a diagonal which divides the polygon into two parts, each having 
2 vertices mod m. 

Observe that m-diagonals have been studied by many authors, see |BM08j . 
jBM07j . |Tza06j . |Tho07j . |Torll| . [BT09] . [FR05] . .... 

We will now adapt the notion of m-diagonals to the case at hand. 

Definition 6.3. The TO-diagonals of IP are given by the union of the m- 
diagonals in each region lik, for 1 < k < p. 

Notation 6.4. In the writing of a diagonal k) in IP , we consider the oper- 
ations on the first two indices modulo m, and the last one modulo p. Remember 
that the last index specifies the region Ilk in IP. As every where else in the this 
paper we assume that i < j. 

We associate a quiver to the TO-diagonals in IP as follows. 

Definition 6.5. Let T™_ 1 p be the quiver of m-diagonals of IP. Its vertices are 
the m-diagonals, and the arrows are given as follows. 

1. Ifj?N-(m-l), 

+ m, k) 
(i-m,j, k) 

2. If j = N - (to - 1) then (i, N - (to - 1), k) -> (i - m, N - (m - 1), k). 

3. Furthermore, (i, N — (m — 1), k) -> (1, i, k + 1). 

Observe that the description 1. and 2. corresponds to an irreducible m- 
rotations in IP as defined in [BM08] . That is an irreducible clockwise rotations 
between ?n-diagonals around the vertex i or j inside a region Ilfc. We denote the 
set of these operations by IrrRot m . The third type describes the composition 
of an TO-irreducible rotation inside 11^ around the vertex i with the clockwise 
rotation p(l,i,k) = (l,i,k + 1). We denote the second type of operation by 
IrrpRot m . 

Then we equip _ with a translation map. 
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The first part describes an anticlockwise rotation around the center of life 
through ^t?2 , the second defines a composition of a rotation as in the first case, 
together with with an anticlockwise rotation around the center of IP through 

V 

Definition 6.6. The translation r m maps 

• k) to (i - m, j -m,k) ifijj^l. 

• If i=l 

T m (l,j,k) = p _1 (l -m,j - m, k) = (1 - m,j -m, k - 1). 

The proof of the next result is straightforward. We use the fact that the 
AR-quiver of C™_i is isomorphic to the quiver of m-diagonals of II as shown in 
[BM081 Proposition 5.4], then we use similar arguments as for Lemma 13.51 

Lemma 6.7. There is an isomorphism of stable translation quivers between the 
AR-quiver of C™_ l p and T™_ l p . 

6.2 Tilting theory for C™_ lp 

In this section we determine the m-cluster tilting objects of C™_ 1 geometrically. 
In the following let K = V,C™_ X or C™_ 1>p . 

Definition 6.8. An m-cluster tilting set T of C™_\ p is a maximal collection of 
pairwise non isomorphic indecomposable objects Xi, . . . ,T r S JC, such that 

Extj^Tj-, X) = = Ext^.(X, Tj), forl<i< m, and 1 < j < r, 

if and only if X e T . An m-cluster tilting object T in /C is the direct sum of 
the objects Ti, . . . , T r of an m-cluster tilting set of /C. 

Definition 6.9. An m-angulation of a regular nm +2- gon consists of a maximal 
collection of non crossing m-diagonals in the polygon. Similarly an m-angulation 
of IF consists of a maximal set of non crossing m-diagonals in IP . 

For higher cluster categories the following result is known. It follows from 
|Tho071 Theorem 1] combined with |BM08[ Section 4.]. 

Lemma 6.10. Any m-cluster tilting object in C™_ 1 corresponds to the formal 
direct sum of elements in an m-angulations of a regular nm + 2-gon. 

Thus, an m-cluster tilting objects in C^L 1 has n — 1 non isomorphic sum- 
mands. 

Definition 6.11. An object T £ /C is called maximal m-rigid if it is a direct sum 
of non isomorphic indecomposable objects T±, . . . ,T t such that Ext^Tj, T/-) = 
for all 1 < i < m, and 1 < j, k < t, and maximal with respect to this property. 

The following useful result is due to A. Wralsen. |Wra09] . 

Lemma 6.12. Any m-cluster tilting object in C™_ ± is induced by maximal m- 
rigid object in the fundamental domain o/r _1 [m] in V. 
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Proposition 6.13. Cluster tilting sets T' in C™_\ p correspond bijectively to 

T' = TUp(T)u...p p - 1 (T) 
where T is an m-angulation of the region III in W . 

Proof. First let T be an m-angulation of a given region III in IP . By Lemma 
IG.lOl it corresponds to a cluster tilting object Tc^_ of C™_ v By Lemma r6.12l it 
can be lifted to a maximal m-rigid object Tp of T> contained in a fundamental 
domain of r _1 [to]. Consider its (r _1 [m])-orbit {(r _1 [m]) l (Ti))|z € Z} in V which 
we denote again by Tp. Let Tc<* be the projection of Tp under the functor 
7r™ : T> — > C™-\ p - Then Tc»n_ i is a direct sum of pairwisc non isomorphic 
indecomposable objects, which we denote by Ti, . . . , T t and we compute: 

Ext^m ijp (T k , T{) = Hom C n,_ i p (T fc , T ; [i] ) 

= Hom D (T fc) (r^H)^,^]) 

= 0Ext P (r fc ,(r-«[mpj])T i ) 
= 

for all Tk, Ti, 1 < fc, I < t and 1 < i < to. In fact, the first and third equality 
hold as the categories we consider are triangulated. The second follows from 
the definition of morphisms in C™_ 1 p . The last equality follows because if Tp 
is TO-rigid then the same is true for (r _1 |m])(Tp), hence also for (r~^[mj])Tx>. 
And as Tp is maximal, it follows that in the fundamental domain of (r _1 [m]), 
Ext P (T fc ,T ; ) = holds. 

Now we show that Tc™_ y is also maximal with respect to this property. 
By Lemma lo. 101 the objects Ti,...,T t of C™_ x „ correspond to a set T' of m- 
diagonals in IP. Furthermore, by construction this set is given by the rotations 
of T under p. If T' is not maximal, there must be a region II; in IP where the 
set of TO-diagonals is not maximal, but this contradicts the fact that T was an 
m-angulation. This proves one direction of the claim. 

For the other direction, assume we have an m-angulation T 1 of LP, and that 
T 1 is not of the claimed form. Then T 1 is such that there are regions Life and 
11; in IP with m-angulations that are not obtained one from the other under 
p. Denote these two different m-angulations by Tk and Ti- By Lemma \Q. 101 they 
correspond to m-cluster tilting objects in C™_ 1 . 

Consider the projection functor \i v : IP — > IT sending a diagonal Dx of IP 
to the corresponding diagonal Dx in IT, and a morphism between Dx and Dy 
in IP to the corresponding morphism between Dx and Dy in IT. 

Then n P {Tk) does not coincide with p p (Ti) as there is no 1 < i < p such that 
P l {Tk) = Ti- Hence, there are two m-diagonals, say Dy and D\y that cross in 
IT, because otherwise the two m-angulations Tk) and Ti wouldn't be maximal. 
Therefore, we conclude by Lemma fo.lOl that the corresponding objects V and 
W in C™_! are such that dim(Ext^ m _ (V, W)) > for an 1 < i < m. Then it 

follows that also dim(Ext^ m i (V, W)) > 0, as C™_ x is a subcategory of C™_ l p . 

Hence the objects in C™__ ± corresponding to the diagonals T' cannot form 
an m-clustcr tilting set. □ 
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With this result we deduce immediately the following. 

Corollary 6.14. Any m-cluster tilting set in C"Li p contains p(n — 1) non 
isomorphic objects. 

6.3 Complements of almost complete m-cluster tilting ob- 
jects in C# n _i iP 

An almost complete m-cluster tilting object in C™_ lp is an m-cluster tilting 
object with one indecomposable summand removed. For p = 1 complements of 
almost complete 771-cluster tilting objects where studied in |Tho07j . |ZZ09j and 
[WraOQj . 

Observe that m + 1 is the CY dimension of C™_ 1 p , for p = 1. 

Proposition 6.15. In C™_ 1 p there are exactly (to + 1) complements to an 
almost complete m-cluster tilting object. 

Proof. For p > 1, one can proceed as in Proposition 15 . 71 together with the result 
of Proposition [BTT51 □ 

7 Geometric model for V 

In this section we model geometrically the bounded derived category of modkA n . 
Our strategy is to adapt the construction of C™_ 1 p given in the previous sec- 
tion. One difference is that we no longer associate indecomposable objects of the 
category at hand to m-diagonals but to their complements. More precisely, we 
consider the diagonals in a polygon which are not 2-diagonals. The other differ- 
ence is that the polygon we consider here has no longer finitely many vertices. 

Complements to m-diagonals in a given polygon II have been studied in 
[Lamllj . The result we need for the modelling of T> is Lemma 17.11 which is 
obtained from Corollary 4.13 and Theorem 4.16 in [Lamllj . The result in based 
on the notion of the TO-th power of a translation quiver introduced in |BM08| . 

7.1 The m-th power of a translation quiver. 

The m-th power of (r,-r), is a translation quiver (T m ,T m ) which has the same 
vertices as L, and whose arrows are given by paths of length to in L: (x = 
xq — > x\ — > ■■■ — > x m —i — > x m = y), such that whenever TXi+± is defined 
TXi + i 7^ for i = 1, ...,m — 1. Furthermore, the translation is given as 

r m := r o • • • o t, TO-timcs. If L is the AR-quiver of C nm -\ , the m-th power gives 
rise to the AR-quiver of C™_ 1; see [BM081 Theorem 7.2]. 

Lemma 7.1. Let II be a regular polygon with nm + 2 vertices, and TA mn _ 1 the 
guiver of its diagonals. Then we have 

(rA m „_ 1 ) 2 = r2_ 1 ur 1 ur 2 , 

where T 1 = T2 = AR(D b (modkA n )/[l]), and [1] is the shift functor onT> b (modkA n ). 

As a consequence of this result it was observed in [Lamllj that the quivers 
of diagonals T± and T2 have as vertices diagonals between pairs of vertices in LI 
of the form (even, even) or (odd, odd) only. 
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7.2 The oo-gon 

n ±oo 

As next we extend the construction of the regular p(2n+l)-gon IP to a geometric 
figure with infinitely many sides. One way to do this is the following. We first 
define the polygon II ±P , and we then let p — > ±00. 

Let III be a N := (2n + 2)-gon and assume that its vertices lie all on a 
line (c.f. Figure S]). Then define the translation g that shifts the region III to 
the next region to the right, and set p fc (IT) = Hk+i, for —p<k<p, then 

Q-k g k _ gkg-k _ 

In this way we obtain a figure with 2p+l regions nomotopic to III , and such 
that the first vertex of IIfc + i corresponds to the last of Hfc. Denote this figure 
by n ± P. The diagonals in n ± P we are considering are the diagonals connecting 
even numbered vertices within a region II/c, for any k between — p and p. We 
call these diagonals 2 C -diagonals Observe that the 2 c -diagonals in IT are the 
vertices of the quiverFi of Lemma 17.11 Wc furthermore remark that for our 
purpose, we might as well have chosen the diagonals connecting odd vertices. 



even 

00 



7.3 The quiver L^J 

We define a translation quiver on the 2 c -diagonals. The arrows between them 
are defined in a similar way as in Section 6. Let (i,j,k) be a 2 c -diagonal in a 
region Life of II ±P with j 7^ N, then 

(l,j + 2,fc) 
(i-2,j,k) 

where the first two entrances arc understood modulo 2, and — p < k < p modulo 
p. Furthermore, for all k 7^ ±p we have arrows 

(2,i,fe + l) 
^(i-2,N,k) 

where (2, i, k + 1) = g(2, i, k + 1). The condition on k is needed because we want 
to avoid that there is an arrow linking the diagonals of the region Tl p to those of 
the region n_ p . We will refer to the arrows (i, N,k) — > (2, i, k + 1), as connecting 
arrows. 

Letting p — > 00 we obtain infinitely many regions nomotopic to IT , and we 
call the corresponding figure n ±00 . 

g- 1 - — ► g 



Figure 4: U ±OD as model for V(modkA 3 ). 



We denote the quiver of 2 c -diagonals of n ±0 ° that we just defined by T' 



even 
n,±oo " 
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7.4 Translation map for 

We equip T® V ^J with the translation ti from Definition 16.61 and letting p tend 
to infinity. That is, T2(i, j, k) = (i — 2,j — 2, k) for all i,j different from 2, and 
Ta(2, j, k) = g~ 1 (N,j —2,k) = (j — 2, N, k — 1). It can be proven as in Lemma 
13.51 that this defines a stable translation quiver, and taking the mesh category 
of it specifies a rotation rule for the 2 c -diagonals of IT ±00 arising from the mesh 
relations of T^ v ™. 



7.5 Geometric model of modkA n 

We focus on the smaller polygon in n ±0 ° , say on say II i . Its 2 c -diagonals together 
with the rotations between them defined above, restricted to the region 111 give 
rise to a subquivcr r^ 11 of V^"± p , with translation given by restricting r 2 to 
IIi. As we are considering only the region III, it follows from the definition that 
we do not allow rotations from the 2 c -diagonal (i, N, 1) around the vertex N, as 
these would be linked with an arrow to a 2 c -diagonal in the neighboring region 

n 2 . 

For an example, we invite to compare with Figure [4] In this case ITi is an 
octagon and the dotted lines are all the 2 c -diagonals of II i . 

We are now ready to deduce the next result which shows IIi is a geometric 
model for the category modfc^4„. 

We assume that the path algebra kA n is taken over an equioriented Dynkin 
quiver of type A n . 

Lemma 7.2. There is an isomorphism of stable translation quivers 

rf™ ^ AR(modkA n ). 

Proof. By construction IIi is homotopic to a regular 2n + 2-gon. Hence, the 
number of 2 c -diagonals in IIi is "2" ■ This number agrees with the isomor- 
phism classes of indecomposable objects in modkA n . Using the correspondence 
between indecomposable objects in modkA n and positive roots of the associ- 
ated Dynkin diagram (Gabriels Theorem), we associate positive roots to the 
2 c -diagonals of IIi and indecomposable modules to the positive roots. 

Given a 2 c -diagonal (i, j, 1) we let \i — j\ be its size. Then we associate the 
2 c -diagonals of size 2 to the simple roots a j , 1 < i < n of the associated Dynkin 
diagram. As the length of the segment augments, we increase the number of 
summands of the positive root. Remark that the longest 2 c -diagonal of LIi is 
(2, 2n + 2), and it corresponds to ol\ + ■ — h a n . 

Due to the shape of rjj vcn and the well known shape of AR(modkA n ), it 
is clear that the map we just defined gives rise to an isomorphism of quivers, 
and it easy to check that it preserves the translation so that it becomes an 
isomorphism of stable translation quivers. □ 



7.6 Geometric model of the bounded derived category 

We use a well known result of D. Happel stating that the AR-quiver of V is 
isomorphic to ZA„, with the usual translation r to link the AR-quiver of T> 
to the quiver r^™^ of 2 c -diagonals in II ±00 . By taking the mesh category of 
(r° v ™ 00 ,r 2 ) we thus obtain a geometric model of V. 
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Proposition 7.3. There is an isomorphism of stable translation quivers 

(r-S o! r 2 )4(ZA„,r). 

Proof. By Lemma T7. 2 1 we know that r^ cn is isomorphic to AR(modkA n ). Fur- 
thermore, we observe that by shifting around copies of IIi, the translation g 
reproduces copies of rgf™ in r^f^. Thus, it remains to study the connecting 
arrows. In r° v ± n oo these are the arrows between 2 c -diagonals of the form (i, N, k) 
and (2, i — 2, fc+l) in the different regions 11^ and inside II ±00 . By construc- 
tion these arrows are exactly the connecting arrows between different copies of 
the AR-quiver of modkA n in AR(V). □ 

Corollary 7.4. There is a morphism of functors between g in the category of 
2 C -diagonals o/n ±0 ° and the shift functor [1] on T>. 

Proof. This follows directly from the arguments given in the proof of the previ- 
ous result. □ 
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